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EXPLICIT FORMULAE OF CAUCHY POLYNOMIALS WITH A q
PARAMETER IN TERMS OF r-WHITNEY NUMBERS
F. A. SHIHA
Abstract. The Cauchy polynomials with a q parameter were recently defined,
and several arithmetical properties were studied. In this paper, we establish
explicit formulae for computing the Cauchy polynomials with a q parameter in
terms of r-Whitney numbers of the first kind. We also obtain several properties
and combinatorial identities.
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1. Introduction
The Cauchy polynomials of the first kind cn(z) are defined by
(1.1) cn(z) =
∫ 1
0
(x− z)n dx,
and the Cauchy polynomials of the second kind cˆn(z) are defined by
(1.2) cˆn(z) =
∫ 1
0
(−x+ z)n dx,
where (y)n =
∏n−1
i=0 (y − i) is the falling factorial with (y)0 = 1. The exponential
generating function of these polynomials are
(1.3)
∞∑
n=0
cn(z)
tn
n!
=
t
(1 + t)z ln(1 + t)
.
(1.4)
∞∑
n=0
cˆn(z)
tn
n!
=
t(1 + t)z
(1 + t) ln(1 + t)
.
(see [7, 4]). When z = 0, cn(0) = cn and cˆn(0) = cˆn are the Cauchy numbers of the
first and second kind (see [2, 9, 12, 8]).
Recently [5] obtained a representation of the integer values of Cauchy polyno-
mials in terms of r-Stirling numbers of the first kind sr(n, k) [3]. For all integers
n, r ≥ 0,
(1.5) cn(r) =
n∑
k=0
sr(n+ r, k + r)
1
k + 1
,
(1.6) cˆn(−r) =
n∑
k=0
(−1)k sr(n+ r, k + r)
1
k + 1
.
1
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Given variables y and m and a positive integer k, define the generalized rising and
falling factorials of order k with increment m by
[y|m]k =
k−1∏
j=0
(y + jm), [y|m]0 = 1
(y|m)k =
k−1∏
j=0
(y − jm), (y|m)0 = 1.
Komatsu [6] introduced the Poly-Cauchy polynomials and numbers with a q pa-
rameter, and the Cauchy polynomials and numbers with a q parameter as special
cases.
Let q be a real number with q 6= 0, Komatsu [6] defined the Cauchy polynomials
with a q parameter of the first kind cqn(z) by
(1.7) cqn(z) =
∫ 1
0
(x− z|q)n dx
and the Cauchy polynomials with a q parameter of the second kind cˆqn(z) by
(1.8) cˆqn(z) =
∫ 1
0
(−x+ z|q)n dx.
The exponential generating functions are
(1.9)
∞∑
n=0
cqn(z)
tn
n!
= (1 + qt)
−z
q
∞∑
k=0
(
ln(1 + qt)
q
)k
1
k!
1
k + 1
,
(1.10)
∞∑
n=0
cˆqn(z)
tn
n!
= (1 + qt)
z
q
∞∑
k=0
(
−
ln(1 + qt)
q
)k
1
k!
1
k + 1
.
If z = 0, then cqn(0) = c
q
n and cˆ
q
n(0) = cˆ
q
n are the Cauchy numbers with q parameter
of the first and second kind, respectively. If q = 1, then c1n(z) = cn(z) and cˆ
1
n(z) =
cˆn(z).
The r-Whitney numbers of the first and second kind were introduced by Mezo¨
[10]. For non-negative integers n and k with 0 ≤ k ≤ n, let w(n, k) = wq,r(n, k)
denote the r-Whitney numbers of the first kind, which are defined by
(1.11) qn(x)n =
n∑
k=0
w(n, k) (qx+ r)k.
Let W (n, k) = Wq,r(n, k) denote the r-Whitney numbers of the second kind, which
are defined by
(1.12) (qx+ r)n =
n∑
k=0
qk W (n, k) (x)k.
Usually r is taken to be a non-negative integer and q a positive integer, but both
may also be regarded as real numbers [11]. The exponential generating function of
w(n, k) is given by [10]
(1.13)
∑
n≥k
w(n, k)
tn
n!
= (1 + qt)
−r
q
(
ln(1 + qt)
q
)k
1
k!
,
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2. Basic results
Replace x by x−r
q
in (1.11), then the r-Whitney numbers of the first kind w(n, k)
are given by
(2.1) (x − r|q)n =
n−1∏
j=0
(x− r − jq) =
n∑
k=0
w(n, k) xk, q 6= 0,
Using (1.7), we get the following theorem.
Theorem 1. The Cauchy polynomials with q parameter of the first kind cqn(r),
q 6= 0 can be written explicitly as
(2.2) cqn(r) =
n∑
k=0
w(n, k)
1
k + 1
.
The first few polynomials are
c
q
0(r) = 1,
c
q
1(r) = −r +
1
2
,
c
q
2(r) = r
2 + (q − 1)r − 1
2
q + 1
3
,
c
q
3(r) = −r
3 − 3
2
(2q − 1)r2 + (−2q2 + 3q − 1)r + q2 − q + 1
4
,
c
q
4(r) = r
4+(6q−2)r3+(11q2−9q+2)r2+(6q3−11q2+6q−1)r−3q3+ 11
3
q2− 3
2
q+ 1
5
.
Remark 1. If r = 0, then cqn(0) = c
q
n are the Cauchy numbers with q parameter of
the first kind [6]
cqn =
∫ 1
0
(x|q)n dx =
n∑
k=0
qn−k s(n, k)
1
k + 1
,
where s(n, k) are the Stirling numbers of the first kind.
If q = 1, we have c1n(r) = cn(r) and w1,r(n, k) are reduced to sr(n + r, k + r),
and hence we obtain the explicit formula (1.5).
From (1.13), we can easily derive the exponential generating function of cqn(r) as
follows:
∞∑
n=0
cqn(r)
tn
n!
=
∞∑
n=0
n∑
k=0
w(n, k)
1
k + 1
tn
n!
=
∞∑
k=0
∞∑
n=k
w(n, k)
tn
n!
1
k + 1
= (1 + qt)
−r
q
∞∑
k=0
(
ln(1 + qt)
q
)k
1
k!
1
k + 1
= (1 + qt)
−r
q
∞∑
k=0
(
ln(1 + qt)
q
)k+1
1
(k + 1)!
q
ln(1 + qt)
=
q(1 + qt)
−r
q
ln(1 + qt)
∞∑
k=1
(
ln(1 + qt)
q
)k
1
k!
=
q(1 + qt)
−r
q
ln(1 + qt)
(
(1 + qt)
1
q − 1
)
.
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When r = 0, we get the exponential generating function of cqn
∞∑
n=0
cqn
tn
n!
=
q
ln(1 + qt)
(
(1 + qt)
1
q − 1
)
According to (2.1),
(2.3) (−x− r|q)n =
n−1∏
j=0
(−x− r − jq) =
n∑
k=0
w(n, k) (−1)k xk, q 6= 0.
Using (1.7), we get the following theorem.
Theorem 2. The Cauchy polynomials with q parameter of the second kind cˆqn(r),
q 6= 0 can be written explicitly as
(2.4) cˆqn(−r) =
n∑
k=0
(−1)k w(n, k)
1
k + 1
.
The first few polynomials are
cˆ
q
0(r) = 1,
cˆ
q
1(r) = r −
1
2
,
cˆ
q
2(r) = r
2 − (q + 1)r + 1
2
q + 1
3
,
cˆ
q
3(r) = r
3 − 3
2
(2q + 1)r2 + (2q2 + 3q + 1)r − q2 − q − 1
4
,
cˆ
q
4(r) = r
4−(6q+2)r3+(11q2+9q+2)r2−(6q3+11q2+6q+1)r+3q3+ 11
3
q2+ 3
2
q+ 1
5
.
Remark 2. If r = 0, then cˆqn(0) = cˆ
q
n are the Cauchy numbers with q parameter of
the second kind [6]
cˆqn =
∫ 1
0
(−x|q)n dx =
n∑
k=0
qn−k s(n, k)
(−1)k
k + 1
,
Similarly, we can obtain the exponential generating function of cˆqn(r):
∞∑
n=0
cˆqn(r)
tn
n!
= (1 + qt)
r
q
∞∑
k=0
(
−
ln(1 + qt)
q
)k
1
k!
1
k + 1
=
q(1 + qt)
r
q
ln(1 + qt)
(
1− (1 + qt)
−1
q
)
.
(2.5)
And
(2.6)
∞∑
n=0
cˆqn
tn
n!
=
q
ln(1 + qt)
(
1− (1 + qt)
−1
q
)
.
Replace x by x−r
q
in (1.12), then the r-Whitney numbers of the second kindW (n, k)
are given by
(2.7) xn =
n∑
k=0
W (n, k)(x− r|q)k =
n∑
k=0
W (n, k)
k−1∏
j=0
(x − r − jq), q 6= 0.
Thus, the relation between cqn(r), cˆ
q
n(r) and W (n, k) can be obtained as follows:
(2.8)
n∑
k=0
W (n, k) cqk(r) =
∫ 1
0
n∑
k=0
W (n, k)(x− r|q)k dx =
∫ 1
0
xn dx =
1
n+ 1
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(2.9)
n∑
k=0
W (n, k) cˆqk(−r) =
∫ 1
0
n∑
k=0
W (n, k)(−x− r|q)k dx =
∫ 1
0
(−1)n xn dx =
(−1)n
n+ 1
Cheon et al. [1] gave the following representation of w(n, k) in terms of s(n, k)
w(n, k) =
n∑
i=k
(
n
i
)
(−1)n−i qi−k [r|q]n−i s(i, k).
Hence,
Corollary 1. The Cauchy polynomials cqn(r) can be computed by using s(n, k) as
follows:
cqn(r) =
n∑
k=0
n∑
i=k
(
n
i
)
(−1)n−i qi−k [r|q]n−i s(i, k)
1
k + 1
=
n∑
i=0
i∑
k=0
(
n
i
)
(−1)n−i qi−k [r|q]n−i s(i, k)
1
k + 1
.
(2.10)
When q = 1, we obtain the identity
(2.11) cn(r) =
n∑
i=0
(
n
i
)
(−1)n−i [r|1]n−ici.
The r-Whitney numbers wq,r(n, k) satisfy the following identity [1].
(2.12) wq,r+s(n, k) =
n∑
j=k
(−1)n−j
(
n
j
)
[r|q]n−j wq,s(j, k),
hence, we obtain the following theorem.
Theorem 3. For n ≥ 0, we have
(2.13) cqn(r + s) =
n∑
j=0
(−1)n−j
(
n
j
)
[r|q]n−j c
q
j(s).
Proof.
cqn(r + s) =
n∑
k=0
wq,r+s(n, k)
1
k + 1
=
n∑
k=0
n∑
j=k
(−1)n−j
(
n
j
)
[r|q]n−j wq,s(j, k)
1
k + 1
=
n∑
j=0
j∑
k=0
(−1)n−j
(
n
j
)
[r|q]n−j wq,s(j, k)
1
k + 1
=
n∑
j=0
(−1)n−j
(
n
j
)
[r|q]n−j c
q
j(s).

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Remark 3. For s = 0, we get
(2.14) cqn(r) =
n∑
j=0
(−1)n−j
(
n
j
)
[r|q]n−j c
q
j .
For q = 1, we get
(2.15) cn(r + s) =
n∑
j=0
(−1)n−j
(
n
j
)
[r|1]n−j cj(s).
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